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ABSTRACT. A simplified approach to determine the impact on a space-debris object (a target) from the ion thruster of 
a spacecraft (a shepherd), which was proposed before in the context the ion beam shepherd technology for space debris 
removal, was considered. This simplified approach is based on the assumption of the validity of the self-similar model of 
the plasma distribution in the thruster plume. A method for the calculation of the force impact using the information about 
the contour of the central projection of the object on a plane, which is perpendicular to the ion beam axis, was proposed 
within the framework of this model.  The errors of this method, including the errors caused by an inaccuracy of its 
realization, are analyzed.  The results of the analysis justify the admissibility of the application of the specified approach 
within the self-similar model of the plasma distribution. The preliminary conclusion has been made that this simplified 
approach can be used to control the relative motion of the shepherd - target system as well. This conclusion is based on 
the results of the simulation of the system motion, when the “real” value of the thruster impact is calculated by the direct 
integration of the elementary impacts over the target surface and the value of the same impact used in the control 
algorithms is determined using the information about the contour of the target. A number of factors such as the orbital 
motion of the system, external perturbations, and the attitude motion of the shepherd were neglected in the simplified 
model which was used for the simulation. These factors and errors in the interaction model are necessary to consider 
during a more detailed analysis of this approach. The analysis of the calculation errors presented in this paper can be used 
during implementation of the ion beam shepherd technology for active space debris removal. 
 
Introduction. The technology for the removal of large debris from the low-Earth-orbit called ion 
beam shepherd is presented in the papers [1], [2]. This technology provides space debris de-orbiting 
due to the impact of the ion plume of the electric thruster (ET) of a spacecraft (a shepherd) located in 
close proximity to space debris object (a target). A certain distance between ion beam shepherd (IBS) 
and the target must be maintained to provide effectiveness of the impact of the ion beam. The ion 
beam impact can be determined by integration over the surface of a target when the mechanism of 
the ion interaction [3] with an elementary area of the surface and its relative position are known. This 
approach can be used for modeling of the system motion but not recommended to apply in a control 
loop due to its computational costs and the incomplete information about the position and shape of 
the target. A simplified approach to calculate the impact from the ion beam on the target, based on 
the information about the contour of its central projection on the image plane of the IBS camera was 
proposed in [4, 5]. The central projection of the target on the reference plane, which is perpendicular 
to the beam axis, is considered within the framework of this approach instead of its surface. This 
paper justifies the application of this approach to control the relative motion of the shepherd - target 
system by analyzing errors of the determination of the plasma beam impact on the target 
Calculation of the force impact by the direct integration over the target surface. The model of 
the interaction of the ion beam with a space debris object, as well as the model of the ion plume 
should be considered for the calculation of the impact from the ET force on the target. 
Neglecting the sputtering of the target material, the escaping ions from the target surface, and the 
electron pressure, the elementary force sFd  transmitted to the target can be calculated as follows [6]: 
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   smns dd uvuF  , (1) 
 
where m  – is the ion mass;  
u  – is the vector of the ion velocity;  
sd  – is the elementary area of the surface, which location will be characterized by the radius 
vector s  of its midpoint;  
v  – is the unit normal vector to the element of the surface;  
n  – is the density of the plasma. 
The force and torque transmitted from the ion beam to the target can be calculated by the integration 
of the elementary forces from equation (1) over the exposed surface S  
 
 
S
sFF dsrf ,    
S
ss FM dρsrf . (2) 
 
There are ion beam models for the near and far regions of the plasma plume [7]. The far region of the 
plume presents the main interest in the context of the non-contact space debris removal, because this 
is where the plasma interacts with the target. Models with different degrees of complexity and 
accuracy were proposed for the description of the far region of an ET beam [8]. The so-called self-
similar model of the beam is chosen for this study. Taking into account the fact that the Mach number 
at the beginning of the far region of the beam is much greater than 1, the character of the plasma 
distribution approaches to a cone. The plasma density can be determined for this case using the self-
similar model at an arbitrary point as follows [8]: 
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where r , z  – are radial (distance from the midpoint of the surface element to the axis of the beam 
cone) and axial (the distance from the vertex of the cone along the axis of the beam) coordinates of 
the point;  
0R  – is the radius of the beam at the beginning of the far region (at the exit of the ET nozzle , 
0
2
0 tg/ Rz  );  
0n  – is the plasma density at the beginning of the far region;  
0  – is the divergence angle of the beam.  
Axial zu  and radial ru  velocity components of the plasma ions can be represented as follows: 
 
 const0  zz uu , zruu zr /0 , (4) 
 
where 0zu  is the axial component of the ion velocity at the beginning of the far region. 
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The target surface is divided into elements for determination of the integral force srfF  transmitted to 
the target by the ion beam. After that, the coordinates of the surface elements and the unit normal 
towards them are set with respect to the target reference frame (RF). Then the coordinates of the 
surface elements and their normals recalculated with respect to the IBS RF, or more precisely, to 
whose origin that is at the cone vertex of the ion beam. We can assume for simplicity reason that this 
RF coincides with the IBS RF. The elementary force is determined for each element of the surface 
using the equation (1) and taking into account its "visibility" from ET side and its position inside or 
outside of the beam cone. The integral force is determined using the expression (2). 
Calculation of the force impact using the contour of the target. The simplified approach [5] for 
determination of the impact from the ion plume uses the information about the contour of the central 
projection of the target. According to this approach the force applied to an element of the surface is 
approximately equal to the force acting on the central projection of this area on a plane that is 
perpendicular to the axis of the beam cone, for a example the plane of camera sensor placed next to 
the ET This assumption is explained by the fact that the cone cross-section increases with the square 
of the distance from the vertex of the cone and the plasma density decreases in inverse proportion to 
the square of the distance from the vertex of the cone. 
The equation that determines the force Fd  transmitted through the element of the surface can be 
written as follows: 
 
  dd
2
ueuF ccmn , 
T
0 ]1//[ fyfxu cczc u , (5) 
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where T  – is the transposition symbol;  
d  – is the elementary area of the target projection on the camera image plane;  
ue  – is the unit vector of the direction of the ion velocity u ;  
cx , cy  – are coordinates of the point in the camera RF;  
f  – is the focal length of the camera. 
The full force cntF  transmitted from the ion plume to the target is calculated by this expression: 
 
 

 FF dcnt , (7) 
 
where   is the part of the image plane of the camera which is bounded by the contour. 
Analysis of the errors caused by the simplified calculation method. Let us make a more detail 
analysis of the assumption about the equality of two elementary forces from the ion plume used in 
the simplified method. The first force acts on an element of the target surface and the second one is 
applied to the central projection of this area on a plane, that is perpendicular to the axis of the cone 
beam. First, we restrict ourselves to the case when the area sd  of the target surface is perpendicular 
to the direction of the ion beam. The equations (1), (3), (4) can be rewritten for this area as follows: 
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where   – is the angle between the direction of the beam distribution and the axis of the ion beam 
cone; 
  – is the azimuth of the direction of the ion distribution, ),( uu ee  . 
The equations (8), (9) show that value ),(dd ss FF   is a function of variables   and  , and doesn't 
depend from the coordinates of the element z  of the surface. The "visible" area of the surface element 
varies in the case of its arbitrary orientation depending from the inclination angle of the element to 
the plane that is perpendicular to the direction of the ion beam. This variation of the area is taken into 
account in the equation (1) by the factor )( uv  , that is equal to use the orthogonal projection of the 
area on the defined perpendicular plane. However, we do not deal with the orthogonal projection 
during the calculation of the force impact using the target contour but with the central one. In other 
words, a contour error is added during the calculations. Let's consider the following example on Fig. 1 
to evaluate this error. 
 
Fig. 1. Analysis of error caused by the replacement of the orthogonal projection by the central 
projection. 
 
We consider a part of the beam cone in the form of a small cone with the vertex angle   and name it 
elementary cone. Fig. 1а shows a cross-section of the cone by a vertical plane. The elementary cone 
"cuts" the element of the surface in the form of an ellipse (the segment AB  in Fig. 1a). We assume 
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that the plane of the ellipse is inclined to the plane which is perpendicular to the axis   of the 
elementary cone at an angle  . The area coneS  of the perpendicular cross-section of the elementary 
cone passing through the midpoint M  is the area of the central projection of the surface element on 
plane of this section. We also define the ratio Sk  of the area coneS  to the area bodyS  of the surface 
element. The difference between the value of this ratio and the value of cos  characterizes the error 
of the application of the equations (8) and (9). We introduce the so-called a coincidence coefficient 
defined by the function:  cos/)cos(1coin  Skk . 
The analysis of this function is not presented here due to its cumbersome, but it still shows the 
following: the independence of the coincidence coefficient of from the distance from a surface 
element to the cone vertex; this kind of error appears only when the values of   are close to 90 ; the 
acceptable results can be achieved by reducing the cone vertex angle   even when values of   are 
close to 90 . Fig. 1 illustrates these conclusions by graphs of the variations of the coincidence 
coefficient from the following variables: the coordinate A  (Fig. 1b); the cone vertex angle   
(Fig. 1c); the inclination angle   (Fig. 1d). One of these variables is varying while the other two 
variables are fixed in these graphs. 
Analysis of the errors caused by the implementation of the simplified approach. Another kind of 
errors of the simplified approach can be caused by an inaccuracy of the camera placement. According 
to the approach the camera must be located so as its focal point coincides with the vertex of the 
imaginary cone of the ET beam. This requirement is difficult to meet from the engineering point of 
view and it is worth to consider an offset of the camera from the position which stipulated by the 
simplified method. 
To analyze this offset we introduce the camera RF cccc zyxO , whose origin cO  is on the camera 
optical axis. The plane cc yx  coincides with the plane of the camera sensor. The axis cz  is directed 
towards the target.  
We consider the vector d , which connects the vertex of the imaginary cone of the beam and a point
P  of the target. In the ideal case of the camera placement, the coordinates of the projection point P  
on the plane of the camera sensor that included in the equation (5) are defined by following relations: 
 
 
)cam(
3
)cam(
1
d
d
fxc  , )cam(
3
)cam(
2
d
d
fyc  , (10)  
 
where cx , cy  – are the coordinates of the projection point in the camera RF, the subscript indicates 
the component number of the column )cam(d  corresponding to the vector d . 
Let us consider the case where the camera is mounted with a small offset relative to the ET beam. 
The target contour obtained using images from the camera with such offset is different from the one 
with the ideal placement of the camera. We will illustrate this considering the example of the contour 
determination. 
The target is a circular cylinder. The height of the cylinder is m2,6 . The diameter of the foundation 
of the cylinder is m2,2 . The geometric center of the target is located on the axis of the beam cone 
on a distance of m7  from its vertex The line 1 in Fig. 2 shows the contour corresponding to the case 
when the focal point of the camera coincidences with the vertex of the imaginary cone of the beam 
and the line 2 depicts the contour for the case when the camera offset is m2,0 . 
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Fig. 2. Contours of a target projection. 
 
A method to correct coordinates of the contour points obtained using the equations (10) were 
proposed in [9] for the case when the cameras focal point is placed with offset from the imaginary 
vertex of the beam cone at the x~  and y~  along ccxO  and cc yO  axes, respectively. According to this 
method, the coordinates can be corrected as follows: 
 
 
nom
corr
~
z
x
fxx cc  , 
nom
corr
~
z
y
fyy cc  , (11)  
 
where corrcx , 
corr
cy  are the corrected coordinates of the point of the target projection; 
nomz  – is the nominal distance between the geometric center of the target and the vertex of the 
beam cone.  
Line 3 in Fig. 2 shows the contour corrected according to the equation (11) for the case when
m7nom z . This figure shows that the corrected contour is almost identical to the one for the no 
offset case (line 1). 
The possibility to use the simplified approach to control the shepherd-target relative motion. 
The preliminary assessment of the possibility to use the simplified approach to determine the beam 
impact for the control of the shepherd-target relative motion is made on the basis of the simulation 
results. The "real" value of the beam impact is calculated by direct integration over the target surface 
and the values of the beam impact that used in the control algorithm are determined using the 
information about the target contour. The confirmation of such possibility is an indirect justification 
of the simplified approach for the calculation of the impact on a space debris object. 
A simplified model of the motion was used for the preliminary evaluation where a number of factors 
were not taken into account, such as: 
- the orbital motion of  the IBS and target; 
- external perturbations; 
- the IBS attitude motion. 
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We start describing the reference frames that are required for a full model and then will apply the 
simplifying assumptions introduced above. The following reference frames are used: 
000 zyOx  is the inertial RF, the origin O  is located in the center of the Earth, axis 0Oy  is directed 
towards the north pole of the Earth, axis 0Oz  is the midpoint of the spring equinox; 
111 zySx , 333 zyTx  are the orbital reference frames of the IBS and target, respectively, the origin of the 
RF S  and T  are located at their centers of mass, axis z  is directed along the radius vector connecting 
the center of the earth and the center of mass of the IBS or the target, axis x  is in the orbital plane 
and directed towards the orbital motion; 
222 zySx , 444 zyTx  are the body RF of the IBS and the target respectively, the axes of which coincide 
with main central axes of inertia. For the ideal orientation of the IBS and target, these RF are parallel 
and coincide with  the appropriate orbital reference frame. 
We will also refer to this reference frames by zero, the first ,..., the fourth according to  the subscripts 
which are used in their notation. The transitions matrixes from  -th RF to  -th RF are denoted like 

 , 4,,1,0,  . 
The IBS attitude position is determined by the following rotations of its body RF relative to its orbital 
RF on the angles: pitch 2  (around the y  axis), roll 2  (around the x  axis) and yaw 2  (around the 
z  axis). In order to avoid singularity of the kinematics relations for the case of the uncontrolled 
motion of the target, the attitude position of the target is more convenient to describe by four 
parameters of Rodrigues-Hamilton [10]. The parameters 0 , 1 , 2 , 3  is used to specify the position 
of the body RF with respect to the orbital RF. 
The dynamic equations of the attitude motion of the IBS and target is used in the Euler form [11]: 
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where xJ , yJ , zJ  are the moments of inertia of the IBS and target with respect to their principal 
central axes;  
xM , yM , zM  – are projections of external torques acting on the IBS ( 2 ) and target (
4 ). 
These dynamic equations are supplemented with the kinematics relations: 
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where zyx   ,,  are the projections of the angular velocities of the IBS and target to their body RF, 
4,2 ;  
0  – is the orbital angular velocity. 
The components 1 , 4,2  of the transition matrixes from the body RF to the corresponding 
orbital ones are given by: 
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where c  and s  are cos  and sin , respectively. 
As mentioned above, the orbital motion ( 00  ) is neglected in this study and it is assumed that 
000 zyOx  is the inertial RF and the axes of reference frames 111 zySx  and 333 zyTx  are parallel to the 
corresponding axes of 000 zyOx , and for the ideal orientation of the IBS and target their body RF 
coincide with the corresponding orbital one. The RF for this case are shown in Fig.  3, where ρ , d , 
R  are the radius vectors of a point P  in the corresponding reference frames; STr  is the radius vector 
of center of mass (CoM) of the target in the IBS body RF; Sr , Tr  are the radius vectors of CoM the 
IBS and target in 000 zyOx  RF.  
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Figure 3. Reference frames 
With these assumptions the following equations are correct: 
 
 )4(34
1
2
)0(1
2
)2( )()(  TST
T rd ,   )()()( 000 STST rrr  , (19) 
 
where the variables with superscript in parenthesis refer to the column of the vector projections to the 
axes of RF with the appropriate index.  
These relations are necessary to determine the impact of the ion plume on the area of the target surface 
with the conditional center at a point P . The attitude angles and Rodrigues-Hamilton parameters 
included in the matrixes 12 , 
3
4  were determined integrating the equations (12) - (16) during the 
modeling of the system motion. Due to the accepted assumptions, the values of the components Sr , 
Tr , are calculated integrating the following equations: 
 
 )0()0( SSS Frm   ,  
)0()0(
TTT Frm   , (20) 
 
where )0(SF , 
)0(
TF  are the vectors of the resultant force SF , TF , applied to the IBS and target 
respectively;  
Sm  and Tm  – masses of the IBS and target. In this way, according to accepted simplified model, 
the system motion is described by the equations (12) - (20) under the condition 00  . 
In the absence of external perturbations on the system, the force impact on the target is created only 
by the ion plume from the shepherd ET. This impact slows the orbital velocity of the target and allows 
to de-orbit it faster. The IBS concept assumes that two ETs are installed on the IBS. The second 
thruster is necessary to compensate the impact on the IBS motion from the main one, directed towards 
the target. However, in order to the IBS and target remain in the same orbit, the result of the force 
action on CoM of the IBS has to be the same as the result of the force impact on CoM of the target. 
This condition can be achieved by adjustment of the thrust of the second compensating thruster. The 
algorithm to adjust the thrust 2EF  of compensating ET was chosen in the following simple form:  
 
 1Ecnt2E )/( FFF  TS mm , (21) 
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where 1EF  is the thrust of the main ET. 
Assuming that the IBS attitude position is unchanged, this algorithm can be simplified as follows: 
 
 xxTSx FFmmF _1E_cnt_2E )/(  , (22) 
 
where the letter x  in the subscripts is used to denote the x -th component of the column, that 
corresponded to the thrust vector in the RF 000 zyOx  or the body RF of the IBS. 
The algorithm to determine the target contour for solving modeling tasks is described in details in [5] 
and can be represented by the following steps: 
– Approximate the target surface by basic elements; 
– Project the central points of the surface elements on the image plane of the camera; 
– Calculate the contour of the target projection by solving the problem of the polygon construction, 
which covers a set of points projected on a plane. 
We assume that the origin cO  of the camera RF coincides with the origin S  of the body RF of the 
IBS and the cz  axis is directed opposite to the axis 2x  of the body RF of the IBS. Then, the 
coordinates of the point P  of the target is projected on the plane defined by the equations (10) or 
calculated using the relations (11) in the case of their correction.  
The components of column (cam)d  which are included in these equalities are given by 
 
 )2(cam2
(cam) dd  , (23) 
 
where cam2  is the transition matrix from the body RF of the IBS to the camera RF. 
Simulation results. The assumption was made for the calculations that the only forces from the main 
and compensating ETs act on the IBS. The line of action of these forces passes through CoM of the 
IBS. 
The following values of parameters were used during the simulation.  
Parameters of the ETs are the following: the radius of the beam at the beginning of the far region 
m0,08050 R ; the plasma density at the beginning of the far region 
-315
0 m104,13n ; the 
divergence angle of the beam 70  ; the axial component of the velocity of the plasma ions 
m/s715800 zu ; the ion mass kg102.18
-25m .  
The IBS parameters were chosen as follows: the matrix of inertia is  
2mkg)3,169;5,1379;4,1283(diag  ; the mass is kg500 .  
The following parameters of the cylindrical target were used: the mass is kg1000 ; the height is 
m6,2  ; the diameter is m2,2 . The inertia matrix of the target was calculated according to the 
formulas for the moments of inertia of a hollow cylinder.  
The distance of m7  from CoM of the IBS to the target along the axis z  of the camera RF was chosen 
as nominal. The focal length of the camera is m2,0 .  
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The simulation results show that the difference between the nominal and the calculated distance from 
the target to the IBS is less than sm1  after s800  of the simulation when the initial location of CoM 
of the target is on the beam axis. The figures presented bellow show the results of the simulations for 
the case when the initial location of CoM of the target is m1  away from the beam axis, the initial 
attitude position of the target is defined by the angle of 45  about the axis y  of the body RF of the 
target, the camera offset from its nominal position is m2,0  along the abscissa axis of the camera RF. 
 
 
Fig. 4. The force acting on the IBS. 
 
Fig. 4 and Fig. 5 show the graphs of the forces acting on the IBS and target, respectively. Ideally 
these graphs should coincide with each other up to the scale. The variation of the target position 
(Fig. 6) from the nominal one for s800  of the simulation is no more than sm5  (this variation is 
denoted as x
0r  in the figure) for the ideal camera position, and does not exceed sm8  for the case 
when the camera has the position offset. The variations that obtained through the simulation (i.e. the 
errors of maintaining the nominal distance to the target) are not significant, taking into account to the 
real control algorithms will use the information about the distance between the target and IBS or its 
estimation unlike the applied simple algorithm (21), which does not use this information. 
 
   
Fig. 5. The force acting on the target           Fig. 6. The deviation of the target relative position 
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Fig. 7 and Fig. 8 show the graphs of the torque acting on the target and the graph the angular velocity 
of the target , respectively. 
 
   
Fig. 7. The torque acting on the target         Fig. 8. The angular velocity of the target 
 
Conclusions. The errors of the simplified approach [5] to determine the impact from the ion thruster 
of a spacecraft (a shepherd) on a space debris object (a target) within the context the IBS technology 
[1, 2] has been analyzed. The approach is based on the information about the contour of the central 
projection of the target on a plane, which is perpendicular to the axis of the ion beam. The plane of 
the camera sensor, which is installed on the shepherd, has been considered as such a plane. The results 
of the error analysis justify the admissibility of the application of this simplified approach for the 
determination of the force impact of the ion thruster to the space debris within self-similar model of 
the plasma distribution [6]. The research results also allow to make a preliminary conclusion about 
the possibility to use this simplified approach for the control of the relative motion of  the IBS- space 
debris object system. However, a more detailed analysis of this possibility is needed which require to 
consider the orbital motion, all range of acting disturbances, errors of the model of the interaction of 
the ion plume with the surface of the space debris object, and errors of implementation of the 
simplified approach. 
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